Complete Solutions to Exercises 4.3 1

Complete Solutions to Exercises 4.3
We have used vectors w, and w, to represent the orthogonal vectors rather than p,

and p, respectively.
1 2
1. (a) We are given the vectors v, = (0) and v, = (1J which we need to transform to

an orthonormal basis by using the Gram Schmidt Process (4-10):

1
We have w, =v, = [0] and

W2 _VZ

<V2' Wl> i (*)

o 2 1
Jw |

What is (v,, w,) equal to?

(v,, w1>=(12]~@j=(2x1)+(1x0)=2

What is |w,|" equal to?
RN R
0)\0

Substituting these, (V,, w,)=2 and |w,|" =1 into (*) gives

2 2
W, :Vz_lezvz_ W,

2 1 . 1 2
:( j—Z( j {Substltutlng w, :[ j and v, :[ ﬂ
1 0 0 1
(2-2) (0
(1-0) 1
1 0 ,
Hence we have the vectors w, = [(J and w, = (J which are the standard

1 0
orthonormal basis for [ * because w, =e, =[ J and w, =e, :L J:
0 1

y

10
)

L
0.2 0.4 0.6 0.8

051

b

1 2
(b) We are given the vectors v, = LBJ and v, :[ 1] which we need to transform to

an orthonormal basis by using the Gram Schmidt Process (4-10):
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1
We have w, =v, = [3] and

~ (vz, Wl>
2
A

W2 _VZ

W, (*)
What is (v,, w,) equal to?

(V,, W)= (_i)@} =(2x1)+(-1x3)=-1

What is |w,|" equal to?
Jw,|* = (lj(lj —12432-10
3)\3

Substituting these, (V,, w,)=-1and |w,|" =10 into (*) gives

W2:V2_5W1:V2+Ewl
2 1 1 2
_ + 1 Substituting w, = and v, =
~1)710\3 3 -1
_ 2+1/10
| =1+3/10
(21/10) 1(21) 7( 3
“\-7/10) 10(-7) 10|-1

. L 3
Clearing the fraction gives us the new vector w', :[ J.

1 3
Normalizing the 2 orthogonal vectors w, = (3} and w', :( J by dividing each

vector by its norm, u = MW. We have already evaluated |w,|* =10 therefore

w, || = J10 and similarly

gt =( 3 3]+ -0

Taking the square root gives |[w',| =+/10 . Hence our orthonormal basis are

u :iw :i(ljandu = 1 W, = 1 [3}
' A " J10l3 ’ [w, | RV

Plotting these on [ *:
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1
Jio
3
Jio

05

204 06 08 1 X

-05

3
Jio
=L
Jio

2 4
(c) We are given the vectors v, = [3 and v, = LSJ which we need to transform to

an orthonormal basis by using the Gram Schmidt Process (4-10):

2
We have w, =v, = [3} and

<V2' Wl> (*)

o 2 1
Jw

W2 V2
What is (v,, w,) equal to?

(v, w1>:@.@:(4x2)+(5x3):23

What is |w,|" equal to?
[ = @J @j — 2743 =13

Substituting these, (v,, w,)=23 and ||w1||2 =13, into (*) gives

23
W, =V, =2 W,

4 2 2 4
_[*]-2 Substituting w, = and v, =
5) 13(3 3 5
_(4-46/13
(5-69/13
(6713 ) 2( 3
“(—4/13) 13(-2
3
Clearing the fraction gives us the new vector w', =( 2) :
. 2 3 -
Normalizing the 2 orthogonal vectors w, = (3] and w', :( 2) by dividing each

vector by its norm, u = mw. We have already evaluated ||w1||2 =13 therefore

w, || = J13 and similarly
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gt =( 3 ) +2 a0

Taking the square root gives |w",| = J13 . Hence our orthonormal basis are

u :iw :itzjandu = 1 w', = 1 (Bj
Cofwy Tt A3(3 Tyt VAs(-2

Plotting these on [ 2:

2
Ji3

05

2 04 06 08 1 X
051 J13

1k

-2 -3
(d) We are given the basis vectors v, =[ SJ and v, =L 1J which we need to

transform to an orthonormal basis by using the Gram Schmidt Process (4-10):

-2
We have w, =v, :( 5] and

W, =V, Mwl *)

Jww,

What is (v,, w,) equal to?

<V w > = =6+5=11
. W)= = =
What is ||W1||2 equal to?

o =( 2212 )= (-2 5y s

Substituting these, (v,, w,)=11 and ||W1||2 =29 into (*) gives

W2 :VZ—E

-3 ) -2 -3
= e Substituting w, = and v, =

1) 29\ -5 -5 -1
(-3+22/29) (-65/29) 1 (-65) 13(-5
| -1+55/29) | 26/29 ) 29| 26) 29| 2

Clearing the fraction gives us the new vector w', = (_ZJ :

W,
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-5
Normalizing the 2 orthogonal vectors w, :( 5} and w', =[ 2} by dividing each

vector by its norm, u = mw. We have already evaluated ||W1||2 =29 therefore

w, || = J29 and similarly

R RIC

Taking the square root gives |w',| =+/29. Hence our orthonormal basis are

u :iw =i(_2] and u =LW' =i[_5j
w2915 Cowyl Tt V2ol 2

Plotting these on [ %:

4
/

04|
N -5
N

1 , -2
25\ 5] / oo

-0.8|

b

1 2
2. We are given the basis vectors v, = (1J and v, = £1J and need to transform these
to an orthonormal basis by using the Gram Schmidt Process:

1
First we have w, =v, = [J and now we apply the formula:

(Vo Wy)

Wy, =V, =—————W, *)
Jw,

Evaluating each of the components:

(Vor Wy)= v, W, =@~@=2+1=3
e )

Substituting these, (v,, w,)=3 and ||W1||2 =2, into (*) gives
W, =V, —Sw
2 Y2 2 1

Substituting the vectors gives
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3 2) 3(1 _— 1 2
W2=V2—EW1= 117311 Substituting w, = ! and v, = 1
(2-3/2) (1/2) 1( 1
(1-3/2) \-1/2) 2|1

. 1
Thus removing the scalar % we have w', :( J . Our orthogonal vectors are

e}

(o3[

We obtain a different set of orthonormal basis. In Example 12 the orthonormal basis

Normalizing these gives

2 -1
was u, = i[ J and u, = i[ ZJ' Note that the only difference in the question was

Bl N3

that we switched the vectors around.

3. Using the Gram Schmidt Process (4-10) above means that we need to find vectors
p, , P, and p, which are orthogonal (perpendicular) to each other. The first vector is

1
straightforward because we only need to write down the given vector p, =v, =|1].
1
How do we find the vector p, which is perpendicular to p,?
By the above Gram Schmidt Proces (4-10):
Wbl
[

P, =V, -

What is ||p1||2 equal to?
By the definition of the norm we have

1
I, =Py, p)=|1]-|1]|=17+1+12 =3
1

What is ||p,| equal to?
Taking the square root of the above gives ||p,| = J3.
What is (v,, p,) equal to?
1) (1
(Vo P) =V, p,=|1||1]|=1+1*+(0x1)=2
0)\1
Substituting these, ||pl||2 =3 and (v,, p,)=2, into (1) gives p, =V, —%pl.

Substituting vectors into this yields:
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1 1/3 1
pzzl—glz 1/3 _1 1
0 1 -2/3 -2
1
Clear the fraction to write the vector p', =| 1 |. (We have nominated this new vector
-2

p',). What else do we need to find?
The vector p, which is perpendicular to both vectors p, and p',. How?
By Gram Schmidt Process (4-10):
Vs P Vi, PY)
<3 21>p1_<3, 22>p2 (TT)
[l [p]
Note that we have written p', rather than p, because we are ignoring the fraction. We
need to evaluate each of these components:

P;=V;—

2) (1
(Vg P1)=Vy-p, =] 0]-|1]|=(2x1)+(0x1)+(0x1)=2
0) (1
2) (1
(Vs P)=Vs-p,=|0|-| 1]|=(2x1)+(0x1)+(0x(-2))=2
0) (-2

What else do we need to work out?
The norm squared ||p'2||2 which is

1
P =ppt=| 1| 1= ete(-2) 6
-2) -2

Taking the square root gives ||p',||= J6.

Substituting these, (v, p,)=2, [p,| =3, (5, p',)=2 and ||p’,|" =6 into (1)
gives

V., V., p'
p3=v3—< > 5’1>p1—< 3,p22>p'2 (1)
[pJ] ol
=V _E _g !
= V3 3p1 6p2

2 1, 2 1
=v3—§pl—§p2 Because 573

Substituting the vectors into this yields:
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2 1,
p3=V3—§pl—§p2
2 1 1 2 1 1
=0 —% 1 —% 1 Substitutingv, =0 |, p,=|1|, p',=| 1
0 1 -2 0 1 -2
2 2/3 1/3 2-2/3-1/3 1
=10|-12/3|-| 1/3|=|0-2/3-1/3 ={1
0 2/3) \-21/3 0-2/3+2/3 0
1 1
Our orthogonal (perpendicular) vectorsare p,=|1{, p',=| 1| and p,=|-1].
1 -2 0

To convert these into an orthonormal (perpendicular unit) basis, what do we need to
do?
Normalize these vectors, which means convert these into unit vectors. How?

Dividing by its length because (4-7) Hp—’H
P;
1
We have ||p,[|=V1* +1? +1* = /3 therefore the unit vector is u, = % 1.
1
Similarly we have |p',|= 6 and the unit vector in the direction of p', is
1 1
u=—7= 11/.
2 \/6 _2

Lastly we have

1 1
Ipdl= | 2| 2| =D 0 =2
0 0
. 1
Thus last unit vector is u3=$ -1 |. Our orthonormal (perpendicular unit) basis is
0
1 ' 1 - 1 '
u=—71|,u,=—/| 1|land u,=—=| -1
CBT VRl SN2
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1 3 -1
4. (a) We are given the basis vectors v, =| 0 |, v, =|1 | and v, =| —1| which need to
1 1 -1
be transformed to an orthonormal basis by using the Gram Schmidt Process (4-10).
1
First we have w, =v, =| 0 |. What is w, equal to?
1
By the Gram Schmidt Process we have
W, =V, _wwl (%)
Jw |
What is (v,, w,) equal to?
3) (1
(v,, w,)=[1]|0[=3+0+1=4
1)1
What is |w,|" equal to?
1) (1
Wy =w,-w, =[ 0| 0|=1+1=2
1)1\1

Substituting these, (v,, w,)=4 and ||w1||2 =2, into (3$) gives
4
w, =V, _Ewl =V, —2wW,

Substituting the vectors gives

W, =V, —2W,
3 1 3-2
=|11]-2|0(=|1-0 |=
1 1 1-2 -1
What else do we need to find?
The last vector w,. How?
w, =y, - o Wil (Ve W), ®)
Jw (A

We need to evaluate each of the components of (£). What is <v3, W1> equal to?

-1) (1
(Vs w)=| 1| 0|=-1+0-1=-2
-1) 11
What is (v,, w,) equal to?
-1

(Vs w,)=| -1 || 1]|=-1-1+1=-1



Complete Solutions to Exercises 4.3 10

What is |w, |’ equal to?

1 (1
Iw,| =| 1|| 1|=1+1+1=3
-1) (-1

Substituting these, (v,, w,)=-2, (v,, w,)=-1, |w,| =2 and |w,|| =3 into (£)
above gives

Wy :V3_<V3, V\2/1> 1_<V3, V\;2> 2
A [w|
:vs—ﬂwl—ﬂw2 :v3+wl+lw2
2 3 3
Substituting the vectors gives
w, =v3+wl+%w2
-1} (1 -1 1 1
=-1|+|0 +% 1 Substitutingv, =| -1|, w,=| 0|, w,=| 1
-1) (1 -1 -1 1 -1
-1} (1 1/3 -1+1+1/3 1/3 1
=-1(+|0+| 1/3|=|-1+0+1/3|=|-2/3 1 -2
-1) (1 -1/3 -1+1-1/3 -1/3 3 -1
1
Clearing the fraction gives w', =| -2 |.
-1
1 1
Thus the vectors w, =| 0 |, w,=| 1|and w',=| -2 | are 3 orthogonal vectors.
1 -1 -1
Normalizing these vectors gives an orthonormal basisf:
1 1 1
ul:% 0 ,uzz% 1| and ugz% A
1 -1 -1
2 -1 -1
(b) We are given the vectors v, =| 2|, v,=| 0| and v,=| 2 |. Remember by
2 -1 3
question 16 of Exercises 4.2 which says that {v,, v,, ---, v, } are orthogonal if and
only if {kv,, k,v,, ---, k,v,}. We can take out the scalars from the first two vectors

v, and v, to make our computation easier, that is we have
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1 1 -1
vi=|1f, v,=|0] and v,=| 2
1 1 3

We have removed the 2 from the first vector v, and —1 from the second vector v, to
giveus v', and v', respectively.
Using the Gram Schmidt Process (4-10) we have

1
w,=v', =1
1
What is w, equal to?
By the Gram Schmidt Process we have
v, W
W2:VI2_< 2 21>W1 (*)
w |

Whatis (v',, w,) equal to?

1
(v, )= 0|-|1|=1+0+1=2
1

What is |w,|" equal to?
1
W =wyw, =1} 1]{=1+1+1=3
1
Substituting these, (v',, w,)=2 and ||wl||2 =3, into (*) gives

W, =V, (V' W)

————tw, =Vv,—=w
||W1||2 1 2 3 1
Substituting the vectors gives

. 2
w, =V 2—§W1

1 5 1 1-2/3 . 1
=0|-=|1|=|0-2/3|==| -2
3 3
1 1 1-2/3 1
1
Removing the fraction gives w', =| =2 |. What else do we need to find?
1
The last vector w,. How?
V,, W V,, W'
W3 — V3 _q L _<3—'22> '2 (**)
| [l

We need to evaluate each of the components of (**). What is (v,, w,) equal to?
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-1
(Vs wy)=| 2||1|=-1+2+3=4
3
What is (v,, w',) equal to?
{ ——1-4+43=-2
What is |w", | equal to?
[w|f = | -2 |=1+4+1=6
Substituting these, (v,, w,)=4, (v,, w',)=-2, |w,[" =3 and |w",|" =6 into (**)
above gives
W3 =V;— <V3, W> W, — <V3’ ,W22>Wl2
Jw [l

-2 -2
:vs—ﬂwl——( )W‘Z:vs—ﬂwl+lw'2 Because ——( ):l
3 6 3 3 6 3
Substituting the vectors gives

4 (.
W3 :V3—§W1+§W 2

-1 1 1 -1 1 1
= 2 _4 1 +1 -2 Substitutingv,=| 2|, w,=|1|, w',=| -2
1 3 1 3 1 1
-1\ (-4/3 1/3 -1-4/3+1/3 -2 -1
=| 2|+|-4/3|+|-2/3|=|2-4/3-2/3 _{O =2
3 -4/3 1/3 3-4/3+1/3 2 1
-1
Clearing the scalar gives w'; =| 0.
1
1 1 -1
Thus the vectors w, =| 1|, w', =| =2 | and w', =| 0 |are 3 orthogonal vectors.
1 1 1
Normalizing these vectors gives an orthonormal basis:
1 1 -1
uF% 1 ,u2=% —i and usz% (1)
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1 2 1
(c) We are given the basis vectors v, =| 2|, v,=| 0| and v, =| 0 |. Remember by
0 2 3
question 16 of Exercises 4.2 which says that {v,, v,, ---, v,} are orthogonal if and
only if {kv,, k,v,, ---, k,v,}. We can take out the scalar from the second vector v,
to make our computation easier, that is we have
1 1 1
v,=[2|, v,={0| and v,=| 0
0 1 3

We have removed the 2 from the second vector v, .
Using the Gram Schmidt Process (4-10) we have

1
w, =V, =|2
0
What is w, equal to?
By the Gram Schmidt Process we have
W2:VI2_<V2’ V2V1>W1 (*)
A

What is (v',, w,) equal to?

What is |w,|" equal to?

1) (1
| =w,-w, =| 2 || 2|=12+2% =5
0)\0
Substituting these, (v',, w,)=1and |w,|* =5, into (*) gives
v',, W
szvlz_wwlzvlz_%wl
wi
Substituting the vectors gives
.1
wzzvz—gwl
1 . 1 1-1/5 4/5 . 4
=0 . 2|=10-2/5|=|-2/5 =z -2
1 0 1-0 1 5

4
Removing the fraction gives w', =| =2 |. What else do we need to find?
5
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The last vector w,. How?

<V3’ Wl> <V3’ W'2> .
W =W (**)
o W

W; =V, —

We need to evaluate each of the components of (**). What is (v,, w,) equal to?

1) (1
(vy, w)=|0]|2]|=1
3)10
What is (v,, w',) equal to?
1 4
(v w',)=| 0| -2|=4+15=19
3 5

What is |w", |’ equal to?

14

4
Jw 2” {2 =16+4+25=45
5
Substituting these, (v,, w,)=1, (v,, w',)=19, |w,| =5 and |w",|* =45, into (**)
above gives
W3:V3_<V3’ V\2/1>W1_<V3’ ,W22> 2
A w
:v3—1wl—gw'2
5 45
Substituting the vectors gives
W, =V, —Ewl—gw‘2
5 45
1 1 4 1 4
=0 —% 2 —i—g -2 Substituting w, = 2|, w',=| -2 | and v,=| 0 ||ClI
3 0 0 5 3
1-1/5-76/45 -8/9 -8 2
=10-2/5+38/45|=| 4/9 |= 1]
3-0-95/45 8/9 2
-2
earing the scalar gives w', =| 1 |.
1 4 -2
Thus the vectorsw, =| 2 |, w', =| =2 |,and w', =| 1 |are 3 orthogonal vectors.
0 5 2

Normalizing these vectors gives an orthonormal basis:
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1 1 . 4 -2
Uu=—F72|, Uy=—=|-2|,andu;==| 1
% 0 45 5 2
1 1 2
. 0 2 1 )
5. (a) We are given the vectors v, = t Vv, = 1 and v, = 0 which we need to
0 0 0
transform to an orthonormal basis. Using the Gram Schmidt Process (4-10) we have

1

0 . :
W, =V, = 3| We need to find the vectors w, and w, which are orthogonal to each

0
other and w, . Again using the Gram Schmidt Process we have
V,, W
Sy, e, (1
A

2 2
We need to find each part of this (1):

(Vo Wy)=v, W, = =1+3=4

ok p B
o w o

1
ol =, |5 =27 +3 =10

o w o

0
Substituting these, (v,, w,)=4 and ||w1||2 =10, into (}) gives

10 5 5
Substituting the vectors into this:

4 2 4 2
W,=V,——W, =V, ——W, Because 0°%5

2
W, =V, —2 W,

1 1 1 1

2| 2|0 0 2
=l |-= Because w, = and v, =

1] 5/3 3 1

0 0 0 0

1-2/5 3/5 3

2-0 2 1|10

1-6/5| | -1/5| 5|-1
0-0 0 0
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3
. : 10 : :
Clearing the scalar 1/5 gives w', = L We also need to find w,. What is w, equal
0
to?
Using the Gram Schmidt Process we have
RATIL L (+1)
A Jw|
Evaluating each component gives
2) (1
1110
(Vg Wy)=V,-w, = olla =2
0)\0
Similarly we have
2) (3
11110
(Vg W)=V, W', = oll 1 =(2x3)+(1x10)+0+0=16
0)(0
We also need to work out
3 3
| = 101 : 12 =32410% +(-1)" + 0% =110
0 0

Substituting the scalars, (v,, w,)=2, |w,| =10, {v,, w',)=16 and |w",|* =110,
into (1) gives

_ _<V31 W, ) _<V3' w')
37 V3 2 1 112 2
Jw [w|
2 16 1 8 2 1 16 8
=V, ——W,—— W, =V, ——W, —— W}, {Because—:— and —:—}
10 110 5 55 1 110 55

Substituting the vectors into this
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W3 =V, _Ewl Ele
5 55
2 1 3 1 3 2
1| 10| 8|10 0 10 1
=l _|—-=|.|-= Becausew, =| _ |, W', = and v, =
0| 53| 55/-1 3 -1 0
0 0 0 0 0 0
2-1/5-24/55 15/11 3
1-0-80/55 -5/11| 5(-1
“| 0-3/5+8/55 | | -5/11| 11| -1
0-0-0 0 0
3
Removing the scalar we have w', = :1 . What else do we need to do?
0
1 3 3
: 0 10 -1
We need to normalize each of the vectors w, = it w', = 1 and w', = it
0 0 0
1 3 3
110 1 |10 -1
L , = —— and u, =
J10| 3 J11o0| -1 N
0 0 0
These are our orthonormal basis.
1 -3 -1
: : 1 3 -2 .
(b) We are given the basis vectors v, = .t Vv, = 4 and v, = 5 which we
2 -2 5
transform to an orthonormal basis by using the Gram Schmidt Process. The first vector
1
is straightforward, we just copy the first vector w, =v, = 2 . Applying the Gram
2
Schmidt Process we have
W, =V, _w 1 *)
|

Determining the inner product
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-3\ (1
(V,, W)=V, W, = ‘:’1 : ; =(-3x1)+(3x1)+(4x5)+(-2x2)=16
-2) 12
Finding the norm squared
1) (1
[w, | = ; : ; =1 +1°+5"+2* =31
2)\2

Substituting these, (v,, w,)=16 and |w, |’ =31, into (*) yields

W, =V, ——W,
31
Placing the vectors into this
W, =V —EW
2 2 31 1
-3 1 1 -3
3| 16|1 1 3
= -— Because w, = and v, =
4| 31|5 5 4
-2 2 2 -2
-3-16/31 -109/31 -109
| 3-16/31 | | 77/31 | 1| 77
| 4-80/31 | | 44/31 | 31| 44
-2-32/31 —94/31 —94
-109
: . 77 :
Removing the scalar gives w', = RE What else do we need to determine?
—94
The last orthogonal vector w, by using the Gram Schmidt Process:
V,, W V,, W'
W, =V _< 3 1>W _< 3 2>W'2 (**)

3 2 1 L2
Jw | |

Evaluating the first inner product

-1\ (1
(Vy Wy)=V,-w, = _2 : ; =(—-1x1)+(-2x1)+(2x5)+(5x2) =17
5)(2

Working out the second inner product

18
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-1) (-109
2| 77
(Vs Wh)=v-wy =| - |- ~109-154 + 88— 470 = —427
2 44
5)\ 94
Also need to find w",|’:
-109) (-109
77 77
| = an || aq |FLO97+TT" 44474047 = 28582

~94 | | -94

Putting these, (v, w,)=17, |w,| =31, {v,, w',)=—427 and |w",||" = 28582 into
(**) gives

V., W V,, W'
W?,:Va_< > 2l> 1_< > . 22> 2
il [we
17 (-427) | 17 427
=Va—m W, — 2 = V3T Wi oty WV 2
31 28582 31 28582
1 -109 -1
. 1 77 -2 . .
Placing the vectors Because w, = .t w', = " and v, = into this
2 -94 5
17 427
W=V, ——W, +——W/,
31 28582
-1 1 -109

=21 17|11 427 77

2| 31|5| 28582| 44

5 2 -94
-1-17/31-46543/ 28582 —2929/922 —2929
| —2-17/31+32879/28582 | | -1289/922 | 1 |-1289
2-85/31+18788/28582 | | -78/922 | 922| 78
5-34/31-40138/28582 2304 /922 2304
—2929
. -1289
Clearing the scalar we have w', = 2 | We have our orthogonal vectors
2304
1 -109 -2929
1 77 -1289 :
w,=| |, W,= and w'; = . We need to normalize these. How?
5 44 -78
2 -94 2304

Dividing by the norm of each. From above we have ||W1||2 =31 which gives
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Iw,[| = /31 and |w",| = 28582 implies |w",||= /28582 . We need to evaluate the
norm of the last vector w', which is given by

2929 (2929
1289 | | ~1289

wiff = T || g |=(-2928)° +(~1289)" +(~78) + 2304° = 15555062
2304 | | 2304

What is ||jw';|| equal to?
The square root of the above |w',|| = 15555062 . Our normalized vectors are

1 ~109 —2929
IS E N R 77 ad W 1 ~1289
Y315 ? 28582 44 * /15555062 | -78

2 —94 2304

This is our orthonormal basis for [1*.

We can also apply the Gram Schmidt Process for subspaces as the next example
demonstrates.

(c) The first vector is given p, =v,=(1 2 3 4)T . Next we find a vector which is
orthogonal (perpendicular) to this by using (4-10) which is:

\ '
p2:V2—< : F2)1>pl
[
We need to find each of these components. What is the inner product (vz, p1> equal to?
2
1(]2
<V2, p1>: 113 :(2><1)+(1><2)+(1><3)+(0><4):7
0) |4
We also need to find |p,|:
1) (1
P =pup.=| 5 |1 3 [ 2344230
3|3
4)\4
Substituting these, (v,, p,)=7 and ||p1||2 =30, into the above formula gives
_y Avep) 7
p2 - V2 ||pl||2 pl - VZ 30 pl

Substituting the vectors into this yields:



2 2 1
7 1) 7 L 1 2
p2=v2—%pl— 11730 Substituting v, = 1 and p, = 3
0 4 0 4

27130 53/30 53

1-14/30 16/30 | 1| 16

“l1-21/30|7| 9/30| 30| 9

0-28/30) |-28/30 28
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Ignore the scalar (fraction) to make the computation easier so that

p,=(53 16 9 -28).

What else do we need to find?

The perpendicular vector p,by applying Gram Schmidt Process (4-10) which is

V,, Vi, PL,)
p3=V3—< 3 F2)1>p1_< 3 ,p22>p2 (*)
[Pl [p|
Evaluating each of the components gives:
3) (1
(o ) =Ve pi=| 5 [ 2 |=(3x1)+(0x2)  (-1x3)+ (3x4) =12
3)\4
3 53
0 16
y PL)=VepL,= | =(9x03)+(Ux10)+(—-1Ix9)+(3x(—2o))=
(Vs P)=Vy-p’ R (3x53)+(0x16) +(~1x 9) +(3x(-28)) =66
3) (28
53 53
pLlf=p',p', = 1611181 _ege 167 497 4+ (—28) = 3030
2 2 2 9
-28) \—28

Substituting all these, (v,, p,)=12, |p,| =30, (v,, p',)=66,and |p| =3930 into (*)
yields:

Vi, P Ve, PYy)
p3=V3—< : 21>p1_< 3, 22>p2
4] Io".|
=V _Ep _ﬂp' =V _gp _£p' |:Because E—g E—E:l
® 30t 3930 ° * 5% @55 ° 30 5 3930 655
1 53 3
. 2 , 16 . )
Substituting the vectors p, = it p', = and v, = _, | into this
4 -28 3
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3 1 53
2 11 0| 212 111 16
Pa =Yg 655P 27| 1| 5| 3| 655| 9
3 4 —28
3) (2/5 583/655
0 415 176 /655 Carrying Out
“|-1| |6/5| | 997655 {Scalar Multiplication}
3) \8/5 —308/655
3-2/5-583/655 2241131 224

0-4/5-176/655| | -140/131 1 | -140

_1-6/5-99/655| |-308/131| 131|-308
3-8/5+308/655 245/131 245

Ignore the fraction and letp', =(224 —140 -308 245)" . We need to convert each of
the 3 perpendicular vectors

1 53 224
2| . 6 .| -140
Po=|g | Po=| g jandph= o
4 28 245

into unit vectors (normalize). How?
By dividing each vector by its norm (length). From above the length of p, is ||p,| =+/30:

1 1 T
Uu=—p,=—7(1 2 3 4
TRt 2
Similarly the length of the perpendicular vector p', is |p",|=+/3930:
1 1

(53 16 9 -28)

u,=—-p',=
* pul 3930

The norm (length) of the last perpendicular vector is

224 224
Jp_ |1 -140) | -140| . 2 7 7
o= | o | _ss = \[224? + (~140)’ + (~308)° + (245)" = /224665
\ 245 245
1 1 .
Therefore uy =——p';, =———==(224 -140 -308 245) . Thus an orthonormal
- 4224665( )
1 53 224
basis for the given subspace is u, = 1|2 u, = ! 16 u, = 1 —140
VR SRR " 0| 3| T VBes0| o |' " a2dees| 308 |

—28 245

S
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6.  We need to normalize the orthogonal polynomials:

p,=1 p,=x and p3=><2—%

How?
By dividing each vector by its norm. The length of p, is:

ol =y p)=[ (W@ dx=[x]} =[1-(-1)] =2
Hence p, =$,

From Example 17 we have ||p, =§ therefore ||p, | = \E Hence

P, =—= s
2 213 \2

1
We need to evaluate the norm of the vector p, = x -3 ;

I (e po) =[5 ) -3 o

5 1
:1 QL_ZX3+X :g|:g_2+]_:|:£
9| 5 . 9|5 45

Taking the square root gives ||p,||= ,% . Our orthonormal basis is

p—i p —D\/gxandp——1 (xz—lj— E(XZ—EJ
2 T N2 > 8145 3 8 3

7. We have p, = v, = x*. Applying Gram — Schmidt Process:

o ) *)
[N

P, =V, -

We need to find each of these components. What is the inner product (vz, pl> equal to?

(v,, p1>:J._llx(xz)dx:_"_llx3 dx:{%ﬂ :%[14—(—1)4}:0

23

Since the inner product is zero so the vectors v, and p, are already orthogonal. Putting this

into (*) yields

0 .
p,=V,———=p,=V, =X [Because we are given v, =Xx]

.
What else do we need to find?
The perpendicular vector p,by applying Gram Schmidt Process (4-10) which is
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Vs, Vs,

Wo Bl Bl (o
[ [

Evaluating each of the components gives:

L S L I R

P;=V;—

(v = [0 [xoe=| 5| <220
I = (o, p)= ()dH ey 2

1 1
Ioaff =(pa1 p2)= [ x()dx= [ 0x=2

Substituting all these, (v, p1>:§, I, :é (v, P,)=0,and [|p,| = 2 mto (**)

yields:
V’ H
p3:V3—< : F2Jl>p1 < > p2>
[Pl .|
= 2/3(x )—Lx 1-2x2
215 2/3 3

Our 3 orthogonal polynomials (vectors) are

p,=x>, p,=x and p3—1—2 X2

24

Note that we have a different orthogonal basis if we change the order of our standard basis

for the inner product space P, .

8. We need to write each polynomial as a linear combination of:

1
p,=1 p,=x and p,= (3x - )
(a) We have

Ky Py + ko, + Koy =k, (1) +K, (X)+K, (2(3x —1)]

3 2 k 2
:Eks(x )+k2x+(k1—53j:x +x+1
Equating coefficients of
X2 §k3:1 = k3:g

2 3
X: k, =1

2 4

k
Const: k,—==1 k ——— =1 _
T2 T T TR = k=3

Our linear combination is gpl +p, +§p3 = x* + x+1. (By expanding out check this result.)

(b) Similarly for 2x* -1 we have
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k., +k;p, + k3p3 :§k3(X2)+k2x+[kl _ﬁj =2x"-1
2 2
Equating coefficients of
3 4
XZ: §k3:23k3:§
X: k,=0

Const: kl—%:—l = k- =-1= kiz_%

4
3(2)
. o1 4 )
The linear combination is —§p1+§p3 =2x"-1.
(c) We have
3 k
kP, +K;p, + k3P, 25k3(X2)+k2X+[k1—33j=3

Equating coefficients of

X2 gkszo = k,=0

X: k,=0
Const: kl—ﬁ:S = k-0=3 = k =3
2

Hence 3p, =3.
(d) We only have the quadratic term x* so:
3 K
k. p; +K,p, +K;p, :Eks(x2)+k2x+(kl—53]: X2

Equating coefficients of
X2 §k3:l = Kk, _2

2 3
X: k,=0

Const: kl—%zo = k—-———==

1 2
We have PP = X
(e) We need to construct 5x+2 from the linear combination of

p,=1 p,=x and p3=%(3x2_1)

klp1+k2p2+k3p3:§k3(x2)+k2x+[kl—ﬁj=5x+2:
2 2

Equating coefficients of

X2 gkszo = k,=0

X: k,=5

Const: kl—%:2 = k-0=2 = k =2.

Hence 2p, +5p, =5x+2.

25
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9. We need to prove Proposition (4-11) which claims:
Let {v;, V,, Vs, -, v,} bean orthonormal set of vectors in an inner product space V of
dimension n. Let u be a vector in V then
u=(u, v;)v, +{U, V)V, +{U, Vy)Vy+---+(U, vV, )V,
Proof.
Since we are given that the vectors {v,, v,, v, ---, v, } are orthonormal so they are
linearly independent. Hence these vectors form a basis for the n dimensional vector space.
Let u be a vector in V then we can write this vector as a linear combination of {v,,---, v, }:
u=kv, +K,v, + kv, +---+K v, *)
where k’s are scalars. Required to prove that
k,=(u, v;), k,=(u, v,), k;=(u, v;), -+, k,=(u, v,)
We just prove that k; =(u, v;) forany 1< j<n. Consider the inner product:

<u, vj> where 1< j<n
Substituting for the vector u the linear combination in (*) we have
<u, vj>:<klvl+k2v2 +Kvy+---+ kv vj>

n-n?

:<klvl,vj>+<k2v2, vj>+--~+<k.v. vj>+~~-+<kv vj>

ivi nVn
:k1<v1, vj>+k2<v2, vj>+---+kj<vj, vj>+--~+kn<vn, vj>
% % 0
=0+0+-+K; (v}, v )+ +0 [Because the vectors are orthogonal ]
-0

=0

=k Hv J. Hz =k, (1) =k [Because the vectors are normalized]

Hence we have <u, " > =k; which is our required result.





