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Complete Solutions to Exercises 5.1

X % 0 1)\[x y i .
1. Let u= then T = = . This transformation interchanges
y Ly 1 0)y X

the x and y values.

1 3
(@ Wehave T [LD :(1 . Plotting these on [1  gives:

=X

0.5 1 15 2 25 3

-1 5
(b) Similarly we have T (( 5D :( 1] and the graph of these is:

4

-~ T(w)

N
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Plotting u and T (u) on [ ? gives:

(c) We apply the transformation to the vector u ={ j . Thus we have
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The vectors are plotted as:

X
X
2. We are given the transformation T: 0% >0% by T||y :( yj . T transforms a
Xz
z

vector in 3d onto a plane.

1
(a) We transform the vector u =| 3 | by substituting x=1, y=3 and z =5 into the above:
5
1
1x3 3
T1|3]|= =
(1>< 5] (5)
5
-1
(b) Similarly we are given the vector u=| —4 | and we substitutex=-1, y=-4 and z=4
4
into the above:
-1
-1x(-4 4
s
al] \ x4 B
2
(c) For the vector u=|+/8 | we have
J18
J2
248
"1 |- s
2~/18
Ji8

{10
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-2
(d) Similarly for the given vector u=| -3 | we have
—4
-2 —2><(—3) 6
T||-3]|= =
4] —2><(—4) 8
[ x X+Yy
3. We are given the transformation T| |y | |=| y+z |. In each of the following cases we
'z Z+X
substitute the relevant x, y and z values:
2 2 2+4 6
@Foru=|4|wehave T||4||=|4+7|=|11
7 7 7+2 9
-3 X X+Y
(b) For u=| 8| we substitute x=-3, y=8 and z=-6into T||y||=|Yy+2Z|:
—6 z Z+X
-3 -3+8 5
T|| 8||=|8+(-6) |=| 2
—6 —6+(-3)) -9
T X X+Yy
(c) For u=| 2z | we substitute x=7, y=27 and z=5z intoT||y||=|y+2z|:
o z Z+X
V4 T+27 3z
T||2x | |=|27+57x |=|Tx
5z Sr+rx 67
1/2
(d) Similarly for u=| 2/3 | we have
3/4
1 2
_+_
127 |2 3| (7186
2 3
T||2/3||=|=+—|=|17/12
3/4 3 4 5/4
3 1
_+_
4 2

4. T (u) =+4/U is not a transformation because T takes the vector u to 2 different
destinations. Remember for T to be a transformation we must have a unique output.
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5. We need to find if the following transformations are linear or not.
X S
@@ T:0>—>0%givenby T ([VD :[ij Let u :(Xj and v :[tj then we check both
y

conditions of definition (5-2):
(@) T(u+Vv)=T(u)+T(v) - T preserves vector addition.
(b) T(ku)=KkT (u) - T preserves scalar multiplication.

Condition (a):
T(u+v):T(X+Sj:(y+tj {Applying the }

y+t X+S given Transformation

T(u)+T(v):T®j+T[:]

2 )
Applying the X S X+S

given Transformation
Thus we have T (u+Vv) =T (u)+T(Vv) which is condition (a).
Condition (b): We need to check T (ku)=kT (u)

T(ku)=T[EXj

y

k
- (ylzk(yj:kT(u)
Applying the kX X

given Transformation

Thus we have T (ku)=KkT (u) which is condition (b).

Also

y
X

2
(ii) We are given the transformation T [BD _ (Xz]_ Let u= ();j and v = (:J Need to
y

check both conditions of definition (5-2) which are:
@ T(u+v)=T(u)+T(v)
(b) T(ku)=kT(u)

X
We conclude that the given transformation T [{YD =( J is linear.

Condition (a):
X+S
T(u+v):T( j
y+t
2
X+S 2 2
= ( )2 :(X;ZXHSZJ [Expanding Brackets]
Applying the (y—l—t) Yy +2yt+t

given Transformation

Also
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T(u)+T(v)=T[§j+TCj

x*\ (s? X* + s
- 2 [T 2 [T 2y y2
Applyingthe  \ 'Y t y +t
given Transformation
The entries are not equal, that is
X2 +2xs+8° = X*+s” and y* + 2yt +t* = y* +t°
therefore
T(u+Vv)=T(u)+T(v)  [NotEqual]
This means condition (a) of definition (5-2) fails for the given transformation so we

X X% . _ i
conclude that T @ D :( ZJ is not a linear transformation.
y y

We only need to check one of the conditions of (5-2) for failure because for
the transformation to be linear it has to satisfy both conditions (a) and (b).

X
X
(b) We need to check whether the transformation T ||y :(XZ] is linear. What does this

mean?
Need to see whether the given transformation satisfies:

@ T(u+v)=T(u)+T(v)
(b) T(ku)=kT (u)

X r
Letu=|y|and v=|s |. We have
z t
X r
T(u+Vv)=T||y|+|s
z t

. ((X+r)(Y+S)J:[xy+xs+ry+rsJ

=T|y+s =
Applying the (x+r)(z+1) XZ+Xt+rz+rt

Z +1 | given Transformation

Need to check T (u+V)=T(u)+T(v):

X r
T(U)+T(v)=T||y||[+T||s
yA t
Xy rsj
= +
Applying the Xz rt

given Transformation

Xy + 1S XYy +XS+TIy+rS
= #
XZ +rt XZ+Xt+rz+rt

j [Not Equal|
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Thus T(u+Vv)=T (u)+T(v) [Not Equal]. Therefore the given transformation T is not
linear.

X X+Y
(c) (i) Need to check that the transformation T| |y | |=| y+2z | is linear or not. Again we
z Z+X

check the two conditions of definition (5-2) which are:
@ T(u+v)=T(u)+T(v)
(b) T(ku)=kT(u)

X r
Letu=|y| and v=|s |, then
z t
x| [r
T(u+Vv)=T||y|+|s
z t
{x+r (x+r1)+(y+59) Applying the
=T||y+s||=]| (y+s)+(z+1) { _ }
given Transformation
Z+t | (z+t)+(x+r)
Also we have
[ x r
T(W+T(V)=T||y]|[+T||s
Z t

X+Yy) (r+s) (X+y+r+s
= y+2 |+| s+t |=| y+z+s+t |=T(u+v)

Appl th
glegnyapr%ns?ormatmn Z+X t+r Z+X+t+r

Thus condition (a) is satisfied. Need to check condition (b) whichis T (ku)=kT (u):

X kx
T(ku)=T|k|y]||=T||ky
z kz
by Applying the
=| ky + kz { : }
2+ kx given transformation
k(x+Y) X+Yy
=| k(y+z) |=k| y+z |=kT(u)
k(z+x) Z+X

Thus (b) is satisfied therefore we conclude that the given transformation is linear.
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xT) [Vx
(i) We need to check whether transformation T| |y | |= \ﬁ is linear or not.
z]) Nz
X r
Letu=|y| and v=|s|.Then
z
T(u+Vv)=T||y|+|s
af +r
vTs {Applying the }
iven Transformation
Z+t Jz+t g

We also have to find T

-

{4
§i£}
{

T(u y||+T||s
t
Applying th
- \/y i \/E [gi?/Zny?ins:ormation}
)|
Jxdr) (ST
= Jy++s |#| Jy+s [Not Equal|
\/;+«/t- Jz+t

Since T(u+V) =T (u)+T(v) [Not Equal] therefore T is not linear.

6. () We need to check the transformation T (c,X” +C,X+, ) =C,X* +C,X+C, is linear or

not. Let u=a,x’ +ax+a, and v="hb,x* +bx+b, then

=u =V

T(u+v)=T a2x2+a1x+ao+b2x2+b1x+boJ

Collecting
=T ((a,+b,)x* +(a,+b,) x+(a, +b,)) {Like terms}

=(a,+by)x* +(a, +b ) x+(a, +b,) {Applying the }

What do we do next?
Check whether the above is equal to T (u)+T (v):

given Transformation
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T (u)+T(v)=T(ax* +a1x+a0)+T (b,x* +byx+h

2 2
=a,X"+aXx+a, +b,x*+bx+b . .
) & 2 T o b,X+D, given Transformation

{Applying the }

=(a,+by)x* +(a,+b)x+(a,+b,)  [Collecting Like terms]
=T (u+v) [

Condition (a) is satisfied. What else do we need to check?

Check condition (b) which is T (ku)=kT (u):

T(ku):T(k(a2x2+a1x+ao))

From above]

=T (ka,x* + ka,x+ka, )

Applying th
= ka,x* +ka,x +ka, { pPIng the }

given Transformation
=k(a,x* +ax+a,)=k T (u)

Hence condition (b) is satisfied which means that the given transformation is linear.

(b) Is the transformation T (c,x +¢,x+¢, ) =c;x* +¢/x+cq linear?

We need to check both conditions of definition (5-2) which says:

@ T(u+v)=T(u)+T(v)

(b) T(ku)=kT(u)

We check condition (b) first.

Condition (b):

Let u=a,x’ +ax+a, and k be any scalar, then
T(ku):T(k(a2x2+a1x+ao))

=T (ka,x* + ka,x+ka, ) [Expanding Brackets]
Applying the
=(ka,)* x* +(ka, )’ x +(kay )’
(ka, )" " +(ka, ) x+(kay ) given Transformation
=k%alx® +k*a’x+k*a; [Expanding Brackets]

We need to see whether this is equal to kT (u):
KT (u) =kT (a,x* +a,x+3,)
=k[alx’ +a/x+a; |=kajx" +ka/x+kaj
Clearly thisis notequalto T (k u) above because the k’s are not squared, therefore we

conclude that the given transformation is not linear.
Remember to show that a given transformation is not linear we only need to show that one
of the conditions of definition (5-2) fails.

7. (a) In this case we need to decide whether the following transformation T (A) =A" is

linear or not. Note that the given transformation is taking the transpose of a matrix.
How do we check this transformation is linear or not?
Check that
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@) T(A+B):T(A)+T(B)
(b) T(kA):kT(A)

ail a12 bll b12
where A:( Jand B:(b ]

aZl a22

Condition (a):
w2 )
a, a, b, b,
:T[{ambu aw%j]
a21 + bZl a'22 + b22
— (all + bll a21 + b21

a12 + b12 a22 +bZZ
Need to see if this is equal to T (A)+T (B):

e[ =)o )

b
_ (an a21j + (bﬂ 21] [Taking Transpose]
a, a, b, b,

:(a'll—i_bll a21+bZl
a12 + b12 a22 + b22

J [Taking Transpose]

j T(A+B)

). We also need to check T (kA)=kT (A):

w2 ]
L

We have T(A+B)=T

T ka,, ka,

ka,, Kka,,

ka21 .
[Taking Transpose]
ka12 I(8‘22
a
- k(a“ 21j=kAT —KT(A)
a12 a22

Thus condition (b) is satisfied therefore we conclude that the given transformation is linear.
Hence the transpose of a 2 by 2 matrix is a linear transformation.

(b) We need to check T (A)=tr(A) is linear or not. In this case the transformation is given
by finding the trace of the matrix which is adding the entries along the leading diagonal of

the matrix. Let A:[ai1 a”] and B :(b“ b“] then

a‘Zl a'22 21 22



Complete Solutions to Exercises 5.1 10

T(A+B)=T((an a12)+(b11 blzﬂ
a21 a22 b21 b22
:T[(aubn a, +b12D
aZl + b21 a22 + b22
=a,+b,+a, +b,  [Adding the diagonal entries]
What is T (A)+T (B) equal to?

T(A)+T(B):T((Zz ZZD”[[EZ EZD

=a, +a,+b,+b,  [Adding the diagonal entries]
Thus T(A+B)=T(A)+T(B). We also need to check condition (b) which is
T(kA)=kT(A):
T

-t )
(i =)

=ka,, +ka,, [Adding the diagonal entries]
=k(a, +a,)=KT(A)

%/_/

—tr(A)=T(A)

Hence condition (b) is satisfied therefore we conclude that the given transformation is
linear. Thus the trace of a 2 by 2 matrix is a linear transformation.

(c) How do we check that T (A)=a,,8,,8;---a,, is linear?
Check the 2 conditions:

(@) T(A+B)=T(A)+T(B)
(b) T(kKA)=KT(A)

A - By
Let us check condition (b) first. Let A= R
anl t a‘nn
Condition (b):
A . By
T(KA)=T|k| & "
anl o a‘nn
ka, ... ka,
-7l : .. :
kanl kann
=ka,,ka,,---ka,, [Applying Transformation |

=k" (aua,+a, ) =k"T(A)=kT(A) [Not Equal]



Complete Solutions to Exercises 5.1 11

We have T(kA)=kT(A) [Not Equal] therefore T is not a linear transformation.

In general if our intuition says that a given transformation is not linear then it is easier to
test condition (b) rather than condition (a) because we only have to concern ourselves with
one argument, A.

8. We need to prove the transpose of any square matrix is a linear transformation.
Proof.

Let A and B be n by n matrices. We define the transformation T: M, — M, by
T(A)=A". We check both conditions of definition (5-2):
T(A+B)=(A+B)
=A"+B' [By Proposition (1-4) part (c) |
=T(A)+T(B)
Condition (a) of (5-2) is satisfied. We need to check condition (b) of (5-2):
T(kA)=(kA)
=KkA' [By Proposition (1.19) part (b)]
=kT (A)
Hence the transpose of a square matrix is a linear transformation.

1
9. We need to show that T ( f) :J' f (x)dx is a linear transformation. Let f and g be
0

functions of C[O,l].
Condition (a):

T(f+g :.l[[f )+9(x)]dx

= dx+'[g x)dx=T(f)+T(9)

Hence condition (a) is satisfied. Need to show condition (b).

Condition (b):
T (k f):j[kf (x)]dx

kj x)dx=kT(f)

Thus condition (b) is satisfied which means that integration is linear.

10. We need to prove that if T : V —W is a transform such that T (O) #0O then T is not a

linear transform.
Proof.
Suppose T is a linear transform. Then we have
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T(u)=T(u+0)
=T (u)+T(O)
#0
T (u)
We have a contradiction because T (u)=T (u) therefore T is not a linear transformation.

11. We need to prove that T (v) =0 for all vectors v eV isa linear transformation.
Need to check the 2 conditions of definition (5-2):
@ T(u+v)=T(u)+T(v)
(b) T(ku)=kT(u)
We have

T(u+v)=0and T(u)+T(v)=0+0=0
Thus condition (a) is satisfied, thatis T (u+v)=T (u)+T(v). Also

T(ku)=0 and kT (u)=kO=0

Hence condition (b) is satisfied therefore we conclude that zero transformation T (v) =0
is a linear transformation.

12. We need to prove that if u is any vector in V then we can write T (u) as a linear
combination of

{T(v), T(v2)s T(Vs)s - T(Va)}
where the vectors v form a basis for V.
Proof.

Since {v,, Vv,, v, ---, v,} isabasis for Vand u is in V therefore we can write this as

n

subscript

u=kv, +k,v, +Kk,v, +---+Kk v, where the k’s are scalars
Since T is a linear transformation therefore
T(u)=T(kv, +k,V, +Kv; +---+Kk, Vv, )
= KT (V) +KT(V,)+KsT (vg)+---+kT(v,)

By theorem (5-2)

Thus T (u) is a linear combination of {T (v,), T(Vv,), T(Vv,), -+ T(v,)}



