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Complete Solutionsto Exercises 1.7

1. (a) The augmented matrix is
R,(1 3 2 5
R,| 2 -1 -1 1
R, -1 2 1 3
Carrying out the following row operations:

R, 1 3 2 5
L=R,-2R, | 2-2(1) -1-2(3) -1-2(2) | 1-2(5)
n=R;+R, | -1+1 2+3 1+2 3+5

Simplifying the entries gives
R, (1 3 2 5
r, |0 -7 -5 | -9
r, (O 5 3 8
We need to get 0 in place of the 5 in the bottom row. How?
By executing the row operation 7r, +5t,:
R, 1 3 2 5
r, 0 —7 -5 -9
(=745, (0 7(5)+5(-7) 7(3)+5(-5) | 7(8)+5(-9)
Simplifying the entries in the bottom row gives
R, (1 3 2 5
r, |0 -7 -5| -9
b, 0 0 -4| 11
Dividing the second row by —7 and the last row by —4 gives

Xy z
R, 13 2 5

L=r/(-7) |0 1 5/7| 917

L=r/(-4)(0 0 1 | -11/4

This matrix is now in row echelon form. From the last row we have z= —1741. Substituting

this z= —1741 into the second row gives

y+§z—y+§(_gj—g g|VeS y—g+§(gj 1_3
7 7\ 4 7 7 7\ 4

Substituting the values of y and zinto the first row gives

x+3(1—3j+2(—1—1j:5 gives x:5—3(1—3]+2[1—1j:§
4 4 4 4) 4

Hence x:§, y:E and z=—1—1.
4 4 4

(b) The augmented matrix is
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R, (-1 1 1]0
R,| 3 -2 5|0
R, 4 -1 -2|0
To get 0’s in place of 3 and 4 we carry out the following row operations:
R, -1 1 1 0
r,=R,+3R, | 3+3(-1) -2+3(1) 5+3(1) | 0+3(0)
L=R,+4R; | 4+4(-1) -1+4(1) -2+4(1) | 0+4(0)
Simplifying the entries gives

R,(-1 1 1|0
r,| 01 8|0
r, {03 2|0
How do we get 0 in place of the 3 in the bottom row?
R, -1 1 1 0
r, 0 1 8 0

r,=r,—3r, 0-3(0) 3-3(1) 2-3(8) | 0-3(0)
Simplifying the arithmetic in the bottom row:

X'y z
R (-1 1 1]0 .
|01 8]0 ®)

b {00 -22|0
From the last row we have —22z =0 which gives z=0. Substituting z=0 gives
y+8(0)=0 gives y=0
Similarly by the first row we have x=0. We only have atrivial solution for the given linear
system, x=0, y=0 and z=0. We can also place the augmented matrix (*) in row echelon

form which will give no zero rows, so we have n=r =3 which means we only have the
trivial solution x=y=z=0.
(c) We have the augmented matrix given by

R (-1 11]2

R,| 2 2 3|5

R,{ 6 6 9|7

Note that the coefficients of the unknownsin the last two rows are multiples of each other.
Execute the row operation R, —3R,:

R, -1 1 1 2
R, 2 2 3 5
n=R,-3R, | 6-3(2) 6-3(2) 9-3(3)| 7-3(5)
Simplifying the entriesin the last row we have
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Xy z
R, (-1 1 1| 2
R,| 2 2 3| 5

r, L. 0 O 0| -8
From the last row we have 0x+ 0y + 0z = -8 which meansthat 0=-8. Clearly 0 cannot

equal -8 therefore the system isinconsistent.
(d) The augmented matrix is

R, (1 1 -1]2
R,|1 2 1|4
R,(3 3 -3 |6
Note that the last row is 3 times the first row, so we carry out the row operation R, —3R;:
R, 1 1 -1 2
R, 1 2 1 4
r,=R,—3R, |3-3(1) 3-3(1) -3-3(-1) | 6-3(2)
Simplifying the entriesin the last row we have
R, (1 1 -1} 2
R,|1 2 1| 4
r, {0 0O 0| O
Subtract the first two rows:

R, 1 1 -1 2
L=R,-R, [1-1 2-1 1-(-1) | 4-2
r, 0 0 0 0
We have
X Yy z
R (I 1 -1]2
r, | 0 2| 2

|0 0 00

From the middle row we have y+2z=2 which gives y=2-2z. Since the z column has no

leading 1 therefore zis our free variable. Let z=t wheretisany real number. Then
y=2-2t. Substituting these, z=t and y=2-2t, into thefirst row we have

X+y—-z2=2
X+(2-2t)-t=2
X+2-3t=2 gives x=3t
Hence we have an infinite number of solutionsgivenby x=3t, y=2-2t and z=t wheret

isany real number.
(e) The augmented matrix is given by
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. (3 -3 -1 2
6 -7 1 1
|1 -1 -2 -1
R,12 -2 6 8
Interchanging the first and third rows gives
n=R, (1 -1 -2 -1
R, |6 -7 1 1
r,=R, |3 -3 -1 2
R, (2 -2 6 8
Executing the following row operations we have

N

R
R
R

o O O O

o O O o

f 1 -1 -2 -1 0
r,=R,-6r, |6-6(1) -7-6(-1) 1-6(-2) 1-6(-1) | 0
n=r-3, |3-3(1) -3-3(-1) -1-3(-2) 2-3(-1)| 0
n=R,-2r, (2-2(1) -2-2(-1) 6-2(-2) 8-2(-1)| 0

Simplifying the entries gives

n(l -1 2 -11]0
nlo -1 13 7|0
rljo 0 5 5|0
r, 0O 0 10 10 | O
r=r-r, (1 0 -15 -8 | 0
r, 0 -1 13 7|0
,L=r/5/0 0 1 1|0

r=r/10 {0 0 1 1|0
Subtracting the last two rows and multiplying the second row by —1 gives
Xy z W
r 0 -15 -8
-, 0 ~13 -7

o o 1
“=n-%{oo0o o o0l0
The matrix is now in row echelon form. From the third row we have
z+w=0 whichgives z=-w
Since none of our equations begin with w (or the w column does not have aleading 1)
thereforew isafreevariable and sowelet w=t wheret isany real number. Hence
z=-w=—t. From the second row we have
y-13z-7w=0
Substituting z=-t and w=t intothis:
y—-13(-t)-7t=0 gives y=-6t

o O O

From thefirst row we have
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x—-15z-8w=0
x—15(-t)-8t=0 [Substituting z=-t and w=t]
Xx+15t-8t=0 gives x=-T7t
Hence we have an infinite number of solutionsgivenby x=-7t, y=—-6t, z=-t andw=t

wheret isany real number.
(f) The augmented matrix is

R,(2 3 5 2|6
R,[2 3 2 2|7
R,|8 12 20 8| 24

3

R,\1 2 4 5| 6
Notice that the bottom row is 4 times the first row. Executing the row operations
R;-4R,, R,-R; and 2R, -R, gives:
R, 2 3 5 2 6

r,=R,-R, 2-2 3-3 2-5 2-2 7-6

r,=R,—4R, | 8-4(2) 12—4(3) 20—4(5) 8-4(2) 24—4(6)

rh,=2R,-R, 2(1)—2 2(2)—3 2(4)—5 2(5)—2 2(6)-6
Simplifying the entries gives

R, (2 3 5 2 6
r, 0 0 -30 1
r, {00 0O 0
r, (101 38 6
Add the bottom row to the second row 'g(o cci/nverzt th\?v 3into 0 and ssimplify:
R, (2 3 52| 6
r, 00 -30]|1
r, |00 0O0| O
r, \01 08| 7

Expanding the bottom row, we have y+8w=7 which gives y=7-8w. Since none of the

equations begin with w therefore w is the free variable and we assign the parameter t to it,
that is w=t wheretisany real number. Hence y=7-8w=7-8t.

By the second row we have —3z=1 gives z= —% . Need to find the last unknown x by using

the first row and substituting the unknowns we already have, y=7-8t, z= —% and w=t:
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2X+3y+52+2w=06

2x+3(7—8t)+5(—%)+2t =6

2x—24t+2t+21—g:6

2X=6+g—21+ 22t =—4—30+ 22t

x:lﬂ—% [Dividing by 2]

Our infinite number of solutions are given by x=1]1—2—:, y=7-8t, z:—% and w=t .

(9) The augmented matrix is
R, (0O -10 38 O 6
R, |5 6 -8 4 3
R, {20 7 3 8 9
Executing the following row operation:
R, 0 -10 38 0 6
R, 5 6 -8 4 3
,=R,-2R, (10-2(5) 7-2(6) 3-2(-8) 8-2(4) | 9-2(3)
Simplifying the entries in the bottom row we have
R, (0 <10 38 O 6
R,|5 6 -8 4 3
r, {0 -5 19 0 3
Note that the first row istwice the last row. Carrying out the row operation 2r,— R, gives:
R, 0 -10 38 0 6
R, 5 6 -8 4 3
L'=2r,-R, (0 2(-5)-(-10) 2(19)-38 0| 2(3)-6
Simplifying the entries in the bottom row we have
R, (0 -10 38 0 | 6
R,|5 6 -8 4| 3
{0 0 O 0] O
Dividing thefirst two rows by —10 and 4 respectively gives
R,/(-10) ( © 1 38/(-10) 0| 6/(-10)
R,/4 |5/4 6/4 -2 1 3/4
ry' 0 0 0 0 0

Simplifying these entries gives
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X y z w

R/(-10)( 0 1 -19/5 0 | -3/5

R,/4 |5/4 3/12 -2 1 | 3/4
r,' 0O 0 0 O 0

Since none of the equations begin with z and w therefore these are our free variables and by
expanding the top row we have

19 3 . 1
——7Z=—— Qgives y=—(19z-3
y 5 5 g y 5( )

We assign parameter t to the free variable w therefore z=t and so y:%(19t—3).

Using the middle row we have

5 3 3
—X+—=y—-2Z+W=—
4 2 4

Since w is the other free variable we assign the parameter s to it, that is w=s. Substituting

w=s, z=t and y=%(19t—3) we have
Ex+§[}(19t—3)}—2t+s:§
4 2|5 4

5 3 3
Zx+E[(19t—3)]—2t +s=2
Multiplying this by 20 gives
25x+6[ (19t —3) |- 40t + 20s =15
25x+114t -18-40t + 20s=15
25X+ 74t -18+20s=15
25x=15+18- 74t — 20s= 33— 74t — 20s

X = = (33— 74t - 20s)
25

Our infinite number of solutions are given by x:%(33—74t—205), y=é(19t—3), z=t

and w=s.
(h) The augmented matrix is
R, (0 -1 0 0 5 3
R, |3 -4 1 6 7 5
R, |15 -20 2 30 3 -1
R, (12 -16 7 24 60 10
Executing the following row operations:
R, 0 -1 0 0 5 3
R, 3 -4 1 6 7 5

r,=R,-5R, |15-5(3) -20-5(-4) 2-5(1) 30-5(6) 3-5(7) | —-1-5(5)
r,=R,-4R, |12-4(3) -16-4(-4) 7-4(1) 24-4(6) 60-4(7)| 10-4(5)
Simplifying the entries gives
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R, (0O -1 00 5 3
R,|3 4 16 7 5
r, |0 0O -3 0 -32| -26
r, {0 0 30 32]|-10
Adding the last two rows gives
R, (0 -1 00 5 3
R, |3 4 16 7 5
I 0O 0 -3 0 -3 -26
r,+r, (O 0 0 0O O -36

From the bottom row we have 0=-36 whichis clearly inconsistent. Hence the given linear
system has no solutions.

(i) Thegiven linear system isvery similar to part (h). The only differenceisthat the

last constant is 46 rather than 10. If we carry out the above operations and simplify we have

R, (O -1 00 5 3

R,|3 4 16 7 5

r, |]O 0 -3 0 -32 -26

r, (0O 0 3 0 32 26

Adding the last two rows gives

R, 0O -1 00 5 3

R, 34 16 7 5

I 0O 0 -3 0 -3 —-26
rh,=r+r,0 0 0 0 O 0

Multiplying thefirst row by —1, second row by 1/3 and third row by —1/3 we have
X y zZ w u

-R, 0 1 0 0 -5 -3
R,/3 1 -4/3 1/3 2 7/3 5/3
—1,/3 0 0O 1 0 32/3 26/3
rh,=r,+r, {0 0 0 O 0 0
From the top row we have
y—5u=-3 impliesthat y=5u-3
Notethat uisafreevariable soweassign u=t wheretisany real number. Hence y =5t -3.

By expanding the third row we have

32 26
Z+—u=—
3 3

z=-(26-32t) [Becauseu=t]

Wl

By the second row we have

4 1 7 5
X—=y+=-z+2W+—-u=— (*
3y 3 3 3 ©)
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We have the unknowns 'y, z and u from above and also w isthe other free variable. Hence let
w=s where sisany real number. Substituting these, y =5t -3, z=%(26—32t), w=s and

u=t, into (*) gives
x—ﬂ(St—3)+l l(26—32t) 4254 Lg=2
3 3.3 3 3
Multiplying through by 9 gives
9x—12(5t-3)+(26-32t)+18s+ 21t =15
9x—60t + 36+ 26— 32t +18s+ 21t =15
Ox—71t +18s+62=15
x:é(7]1—18s—47)

Our solutionis x:é(711—18s—47), y=5t-3, z:%(26—32t), w=sand u=t.

() The augmented matrix is

R, (2 -1 3 5 5 1
R,|1 7 6 -11 7 -8
R, |1 -2 6 4 1 5
R,12 -6 0 14 2 20/3
We execute the following row operations:
R, 2 -1 3 5 5 1
R, 1 7 6 -11 7 -8
r=R,-R, | 1-1 -2-7 6-6 4-(-11) 1-7 5-(-8)
r=R,-R, (2-2 -6-(-1) 0-3 14-5 2-5 20/3-1
Simplifying gives
R, (2 -1 3 5 5 1
R,|1 7 6 -11 7 -8
r, |0 9 0 15 -6 13

r, {0 5-3 9 -3 17/3
Carrying out the row operation 2R, —R, gives

R, 2 -1 3 5 5 1
,=2R,-R, | 2(1)-2 2(7)-(-1) 2(6)-3 2(-11)-5 2(7)-5 2(-8)-1
I 0 -9 0 15 -6 13
r, 0 -5 -3 9 -3 17/3
Simplifying the entries in the second row gives
R, -1 3 5 5 1

2
r,b, |0 15 9 -27 9 =17
0O 9 0 15 -6 13
r, {0 5 -3 9 -3 17/3
Note that the last row is —3 times the second row so we execute the row operation 3r, +r,:
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R, (2 -1 3 5 5 1
r, 0 15 9 27 9 17
r, 0o -9 0 15 -6 13

r,=3r,+r, |0 3(-5)+15 3(-3)+9 3(9)-27 3(-3)+9 | 3(17/3)-17
Simplifying the entriesin the last row gives

R,(2 -1 3 5 5 1
L0 15 9 27 9 -17
r, |0 -9 0 15 -6 13
r{0O 00 O O 0
Carrying out the row operation 5r, +3r,:
R, 2 -1 3 5 5 1
r, 0 15 9 =27 9 -17
r, =5r,+3r, | 0 5(-9)+3(15) 27 5(15)+3(-27) 5(-6)+3(9) 5(13)+3(-17)
r, 0 0 0 0 0 0
Simplifying the entriesin the third row:
X 'y z W u
R, 2 -1 3 5 5 1
r, 0O 15 9 -27 9 -17 (1)
r,=5r,+3r, ([0 0 27 -6 -3 14
r, O 0 O 0O O 0

We have 3 non-zero rows (equations) and 5 unknowns therefore there are 5—-3= 2 free
variables. Which of the unknowns are the free variables?

Since none of the rows (equations) start with u and w therefore these are the free variables.
Let u=s and w=t wheres and t are any real numbers.

By expanding the third row of (1) we have
27z—-6w-3u=14
27z2=14+6w+3u
2:2—17(14+6t+33) [Substituting u=s and w=t]

By the second row we have
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15y +9z-27w+9u =-17
15y =-17-9z+27w-9u

y= i(—17—9i(14+ 6t +3s) + 27t —93)
15 27

= i(—17—2(14+ 6t +3s)+ 27t —9sj
15 3

— L (51 (14+ 6t +3s)+ 81t - 275)
45

:4i5(—51—14—6t—3s+ 81t - 27s)
1 1
= —(75t —30s— 65) = —(15t - 68—13)
45 9
Wehave y= é(lSt —6s—13). By expanding the top row of (1) we have

2X—-y+3z+5w+5u=1
2x=1+y-3z-5w-5u

Substituting y=%(15t—63—13), 2:2—17(14+6t+35), w=t and u=s intothe above:
2x:1+%(15t—6s—13)—32—17(14+6t+35)—5t—5$

=1+$(15t - 6s—13)—$(14+ 6t +3s) - 5t— 53

:%(9+(15t —65—13) - (14+ 6t + 3s) — 45t — 455)

= %(9+15t —6s—-13-14 -6t —3s— 45t —455)

~L(“18-36t—54s)
9

:%9(2+4t+6s):—(2+4t+65)

Dividing both sides by 2 gives x=—(1+2t+3s).
Our solutionis x=—(1+2t +3s), y:é(15t—65—13), z=2—17(14+6t+35), w=t and
u=s.
2. (a) We are given the reduced row echelon formis

Xy z W

110 -10| -9

001 7|7

0 0O 0 0

There are 2 non-zero equations and 4 unknowns so we have 4—2 =2 free variables. Since
non of the equations start with y and w so these are our free variables. Let y=s and w=t .
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Expanding the middle row we have
Z-1W=—-7 = zZ=-7+Tw=-T7+T1t
By the top row we have
X+y-10w=-9 = x=-9+10w-y=-9+10t-s
Wehave x=-9+10t—-s, y=s, z=-7+7t and w=t . The vector of unknowns x is given

by:

X —-9+10t-s -9 -1 10
y S 0 1 0
ol I il A B e A
w t 0 0 1
(b) The reduced row echelon formis:

X%k X X X X

11 1 1 2 0|0

00 0O O 100

00 O O O0O0|O

We have 6 unknowns and 2 non-zero equations which means that there are 6-2=4 free
variables. None of the equations start with x,, x,, X, and X, so these are our free variables.

Let x,=p, X,=0, X,=r and X, =s.
Expanding the middle row we have x, = 0. Using the top row we have
X+X+X+X+2%=0 = X =-X-X%—X—2X
=-p-q-r-2(0)=-p-q-r
Our generd solutionis x, =—p—-q—-r, X, =p, X%, =0, X,=r, X =0 and X,=s. Wecan
write thisin vector form as

X -p-q-r -1 -1 -1 0
X, p 1 0 0 0
x=x3= a :po+q1+ro+s0
X, r 0 0 1 0
X5 0 0 0 0 0
Xs S 0 0 0 1
(c) We are given the reduced row echelon form as
X%k X X X X
13 0 0 6 2|2
00 1 0 301
00 O 1 00O0]O0
00 O O O0O0]O0

There are 6—-3 =3 free variables. None of the equations start with x,, X, X; Sotheseare
our freevariables. Let x, =1, X, =S, X =t.
By thethird row we have x, = 0. Expanding the second row we have
X+3%=1= X =1-3%=1-3s
Using the top row we have
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X +3X,+06X +2% =2 = X =2-3X—6X —2X=2-3r—-6s-2t
Hence we havethe solution x, =2-3r -6s-2t, X, =r, % =1-3s, x,=0, X =5, X =t.
In vector form the solution is

X 2-3r-6s-2t 2 -3 -6 -2

X, r 0 1 0 0

X, 1-3s 1 0 -3 0
X= = = +r +S +1

X, 0 0 0 0 0

X5 S 0 0 1 0

Xg t 0 0 0 1

3. The question should say that z= 0. Writing the augmented matrix we have
R 2 -1 -4k
R, -1 1 2|k
R,{-1 1 k|k
Carrying out the row operation R, —R,:
R, 2 -1 -4 k
R, -1 1 2 Kk
R,*=R,-R,{ 0 0 k-2|0
By expanding the bottom row we notice that the system isconsistent if k—-2=0 = k=2.
Substituting k = 2 into the above we have

R, 2 -1 -4]2
R, 1 1 2|2
R*=R,-R,( 0 0 0|0

Executing the row operation 2R,+R, gives

X y z

R, 2 -1 4] 2

R =2R,+R| 0 1 0| 6
R,* 0 0 0] O

None of the equations begin with z so thisis our free variable, let z=s wheresisany real
number.
Expanding the middie row we have y =6

Examining the top row we have
2X -y — 4z = 2 = 2Xx = 2 + y + 4z

x:1+%y+22

Putting y=6 and z=s into thisgives
X=1+3+2s=4+2s
Our solutionis x=4+2s, y=6 and z=s wheresisany real number.
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4. Needto prove ku+cv isasolution of Ax=0 provided u and v are distinct solutions.
Proof.
Since u and v are solutions of Ax=0 so

Au=0 and Av=0
Consider

A(ku+cv)=A(ku)+A(cv)
=k(Au)+c(Av)=k(0)+c(0)=0

Wehave A(ku+cv)=0 therefore ku+cv isasolutionof Ax=0. Sincek and c areany
scalars so ku +cv covers an infinite number of solutions.

[
5. We need to prove the following:
If x, isaparticular solution to this Ax=b and X, isthe solution to the associated
homogeneous system Ax =0 then X, +X, isasolutionto Ax=Db.
Proof.
We are given that
Ax, =0 and Ax, =D

Adding these two results gives

AX,+AXx,=0+b=Db

A(x,+Xp)=b
Hence x =X, +X, isasolutionto Ax=Db. Thisisour required result.

[

6. Proof

(Very similar to the proof of Proposition (1-12).)

We are given that the number of non-zero rows (equations) r is less than the number of
unknowns n.

Consider the reduced row echelon form R with r non-zero rows. This means there are exactly
r leading 1’s. Why?

Because R isin reduced row echelon form which means any non-zero row has aleading 1.
Every column of R cannot have aleading 1 because you would need n leading 1’s but there
areonly r whichislessthan n.

Therefore there must be a column call it x; which has no leading one. We have

X, X | X o % jth Column
&, - ‘/bl
jth Row| 0 |0 | &, a, | b
bj+1

If the jth (x;) column only has zero entries then we can let x; =t wheret isany real number.
The solutions are
X =8, %=S, X 1=S,, X, =S, X, =§,ad x, =t whereteR
Hence our infinite solution set is
{88 s tos o % =5, | teR]
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We have an infinite number of solutionsto Ax=Db.
If thereis anon-zero entry in the jth column then at least one of unknowns must be written in
termsof x;. Let theunknown x; bet wheret isany real number. This meansthat at least one

of the other unknowns can be written in terms of t. Thus we have infinite number of
solutions.

7. To prove that the reduced row echelon form of a nxn matrix A is either the identity
matrix or it has at |east one row of zeros.
Proof.

If A =0 thenwe have arow of zeros and our proof is complete. Suppose A =0O.
Let R be the reduced row echelon form of this matrix A. Let r; be anon-zero entry in theith

row and jth column of matrix R.

n— j columns
) —— jthColumn
I’ll
0
ith Row | : -0 i | T |
n—i rows
0 M

The matrix R isin reduced row echelon form therefore the non-zero entries go strictly from
top left to bottom right as you move down the matrix R.

Consider the first non-zero entry r; in theith row.

This meansthat | must be greater than or equal to i because r; isnon-zero soitisstrictly to
theright of r;, oristhe r; entry itself. Thismeanswe have j >i .

If j>i then r; =0 and every non-zero entry below ith row isstrictly to theright of ;.
Thereareonly n— j columnsto theright of r;, but n—i rowsbelow r;. We have

n—j<n-i because j >i therefore we concludethat the i +(n— j)+1 row isarow of
zeros. Why?

Asanexamplelet n=10, i =3, j=4 say. Then r;, =r,, =0 and every non-zero entry below
the third row is strictly to theright of r; =r,,. There are only 6 columnsto the right of

r,, . This means as we work across the columns and down the rows the zeros must move to the

right and down. However we have 7 rows below r,, which suggests that last row must be a
row of zeros.

r.ll
0
3rd Row |1, =0 - r1,=0]1, F3n |
n-i=10-3=7
rows 0 Noo)

H(_/

n— j =10—-4= 6 columns
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If j=i thenr, =0 (because r; isnon-zero entry that we are considering) for i = j. Now R
isin reduced row echelon form therefore r;, =1 for i = j. Again by the procedure of rref
r,=0fori= j.Hence R=1 wherel istheidentity matrix.

This compl etes our proof.

|
8. Wearegiven thefollowing:
X X X, 6
Xy X5 Xs 15
5 7 9
Forming the equations by summing up the rows and columns we have
X+ X o+ X = 6 First Row
X, + X% + X = 15 Second Row
X, + X, = 5 First Column
X, + X = 7 Second Column
X + X = 9 | Third Column |

Aslong as this system is consistent we can be sure that we have an infinite number of
solutions because we have more unknowns (6) than equations (5).

The augment matrix and reduced row echelon form which is evaluated by using
mathematical software such as Maple or MATLAB isgiven by:

111000])|6 TR .
rowl (1 0 O O -1 -11]-10
0001 11|15 | :
rovw2 (/O 1 O O 1 O 7
1 00100|5 | .
row3 |0 O 1 0 O 11| 9
01 0010]|7 : ]
rowd 10 O O 1 1 14 15
oo0100121|9) T T T
roo5 {0 0 0 O O O 0

In row echelon form we have 4 non-zero equations and 6 unknowns therefore there are
6—-4=2 freevariables. None of the equations start with x, and x; so these are our free
variables. Let x, =s and x, =t wheresand t are any real numbers. Expanding row 4 we
have
X, + % + % =15 impliesx, =15— %, — X, =15—-s-t

Expanding row 3 we have X, + X, =9 implies X, =9-x, =9-t.
Expanding row 2 we have X, + x, =7 implies X, =7-X =7-5.
Expanding row 1 we have x, — X, — X, =—10 implies x, =—-10+ X, + X, =—-10+s+t.
Our genera solution is

X =-10+s+t, X,=7-5s, X,=9-t, x,=15-s-t, X, =s and X, =t *)
where sand t are any real numbers. Thisisthe general solution of the given puzzle which we
can write in vector form as



K LXK XX

—-10+ s+t
7-s
9t

15-s-t

S
t
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+t

-10
7
9

15
0
0

A particular solution can be found by letting s and t take on particular values. For instance let
s=1, t =2 then substituting thisinto (*) gives

Check that thisis actually a solution to the above puzzle.
If you want your solution so that the solution is whole numbers less than 10 then try

X\ ==1,%=6,X%=7,X%=12, x,=1and X; =2

s=5 t1=6.
9. Wearegiven the following puzzle:
X X X, 16
%y X5 Xs 21
X, X, X, 8
17 15 13
Formulating the equations we have
X+ X o+ X = 16
X, + X + X = 21
X, + X + X = 8
X + X, + X = 17
X, + X + X = 15
X5 + X + X = 13

Aslong as this system is consistent we can be sure that we have an infinite number of
solutions because we have more unknowns (6) than equations (5).

The augment matrix and reduced row echelon form which is evaluated by using
mathematical software such as Maple or MATLAB isgiven by:

111000000]16
000111000]21
00000O0111]|38 I:>
100100100 ]|17
010010010]15
00100100 1]13
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10 00-1-1 0 -1 -1!]-12
01 001 0 0 1 0! 15
00 100 1 0 0 1! 13
00 01 1 1 0 0 0/ 22
00 000 0 1 1 1] 8
00 00O O 0O O O O

In reduced row echelon form we have 5 non-zero equations and 9 unknowns therefore there
are 9—-5=4 free variables. None of the equations start with x;, X, X, and X, so these are
our freevariables. Let X, =p, X, =q, X, =S and x, =t where p, g, s andt are any real
numbers. Expanding row 5 we have
X, + X+ % =8 impliesx, =8— %, — %, =8-s-t
Expanding row 4 we have X, + X, + X, =21 implies x, =21-X,— X, =21- p—(.
Expanding row 3 we have X, + X, + %, =13 implies X, =13—- X, — %, =13-q-t.
Expanding row 2 we have X, + X, + X, =15 implies x, =15— X, — X, =15— p—s.
By row 1 we have
X=X =X =X =% =—12 = X =-12+X+X+X+%X =—12+ p+q+s+t
Our solution is
X =-12+ p+q+s+t, X,=15-p-5s, x,=13-q-t, x,=21-p-q, X, =p, % =4,
X,=8-s—-t, x,=s and x, =t *)
where p, g, sandt are any real numbers. Thisisthe general solution of the given puzzle
which we can write in vector form as

X -12+ p+q+s+t -12 1 1 1 1
X, 15— p-s 15 -1 0 -1 0
X, 13—qg-t 13 0 -1 0 -1
X, 21-p—q 21 -1 -1 0 0
X=| X |= p = 0O |+p| 1|+q| O|+s| O|+t] O
Xg q 0 0 1 0 0
X, 8—-s-t 8 0 0 -1 -1
X S 0 0 1 0
X, t 0 0 0 0 1

Y ou can substitute particular valuesfor p, g, sandtto find a particular solution.
Let p=1 g=2, s=3 t=4 then substituting theseinto (*) we have
X, =-12+1+2+3+4=-2, X, =15-1-3=11, x,=13-2-4=7, x,=21-1-2=18,
X =1, X=2,%=8-3-4=1, x,=3and x,=4
Check that the puzzle works for these numbers.
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10. Formulating the equationsin the puzzle:

X + X% + X+ X = 19
X, + X + X+ X = 18

X, + X + X+ X = 28

X+ X + X + X = 25

Writing this as an augmented matrix and finding the reduced row echelon form by using
Maple or MATLAB we have:

11011000019
01101100 0]18 :>
00011011 0|28
00001101 1|25
XX X X X X X X %
10-100 0-1 0 1]-2
01 100 0 0 -1 -1 -7
00 010 -1 1 0 1] 3

00 001 1 0 1 1|25
We have 9 unknowns and 4 non-zero equations which meansthereare 9—4=5 free
variables. Since none of the equations begin with x,, X;, X;, X, and X, sotheseareour 5
freevariables. Let X,=p, X, =0, X, =r, X =S and X, =t.
Expanding the bottom row we have
X+ X+ X +X% =25 = X =25-X—%X—X =25-(0q—-s—t
Expanding the third row we have
X, =Xg+ X% =% =3 = X, =3+ X~ X, + X =3+0—T +t
Expanding the second row we have
X+ X=Xg=Xg=—1 = X =—T—X+X+X=—7—p+S+t
By the top row we have
X=X =X +X=-2 = X =-2+X+X—X=—2+p+r-t
The general solution is given by
X ==2+p+r—-t, X,==—7—-p+S+t, X =p, X, =3+9-r+t,
X =25—-0Q-S—t, X;=0, X, =r, X;=5, X =t
The general solution in vector formis:

X -2+ p+r—t -2 1 0 1 0 -1
X, —7—p+s+t -7 -1 0 0 1 1
Xy p 0 1 0 0 0 0
X, 3+q-r+t 3 0 1 -1 0 1
X=|X%X |=| 25—-gq-s-t |=| 25|+p| O|+qg|-1|+r| O|+s| -1|+t] -1
Xs q 0 0 1 0 0 0
X, r 0 0 0 1 0 0
Xg S 0 0 0 0 1 0
X, t 0 0 0 0 0 1
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Substituting in particular valuesfor x, = p, X, =0, X, =I, X, =s and x, =t wecanfinda
particular solution. The solutionfor p=q=r =s=t=1 gives
X =—2+p+r-t=-2+1+1-1=-1,
X, =—7—p+sS+t=-7-1+1+1=-6,
X, =3+q-r+t=3+1-1+1=4
X =25-(-s-t=25-1-1-1=22
%=1 %=1 %=1 x=1ad x=1
Check that this solution
X==1 X=-6, ;=1 X,=4, Xx=22, X,=1 x,=1 X=1and x=1

actually works by substituting these numbers into the puzzle.
Remember there are an infinite number of solutionsto this puzzle.

11. Writing the given equations in an augmented matrix gives:
2 -4 4 0.077 3.86
0 -2 2 -0.056 | -347
2 -2 0 0 0
Using software to place this into reduced row echelon form yields:
Xy z t
1 0 0 009 | 541
0 1 0 009% | 541
0 0 1 0.067 | 3.67

Clearly t is our free variable. We have the following solutions:

x+0.095t =541 = x=5.41-0.095t

y+0.095t =541 = y=5.41-0.095t

z+0.067t=3.67 = z=3.67-0.067t
Our general solutionis x=5.41-0.095t, y=5.41-0.095t, z=3.67-0.067t andtisany
real number.



